Abstract. We prove a result which extends a well-known polynomial inequality of E. J. Remez and another one due to W. A. Markov.
Introduction
Let P n denote the class of all polynomials of degree at most n with real or complex coefficients. Polynomials in P n whose coefficients are all real will form the sub-class P n,R . As usual we shall denote by T n the nth Chebyshev polynomial of the first kind, which is given by cos n arccos x for −1 ≤ x ≤ 1. In particular, |T n (x)| ≤ 1 for −1 ≤ x ≤ 1 and T n (cos((n − j)π/n)) = (−1) n−j for j = 0, 1, . . . , n. All its zeros are real and lie in the open interval (−1, 1). It was observed by P.L. Chebyshev (see [7] or [9] ) that if f ∈ P n and |f (x)| ≤ 1 for −1 ≤ x ≤ 1, then |f (x)| ≤ |T n (x)| for all x ∈ R \ [−1, 1] . (1) Subsequently, it was shown by W.A. Markov [5] that under the same condition on f , we have
n (x) for all x ∈ R \ [−1, 1] and 1 ≤ k ≤ n .
Now we must introduce a couple of additional notations. We shall write µ (S) for the measure of a Lebesgue measurable subset S of R. For any polynomial f and any subinterval I of R we denote the set {x ∈ I : |f (x)| ≤ 1} by E (f ; I) .
The following generalization of Chebyshev's inequality (1) is due to E.J. Remez (see [1] , [2] , [3, Lemma 7.3] , [8] ). The proof in [1] is the simplest.
Theorem A. For all g ∈ P n , the following inequality holds:
An equivalent formulation of this result stated below as Theorem A shows clearly why it contains (1).
If f ∈ π n (R) for some R ≥ 1 and g(x) := f ((R + 1)x/2 + (R − 1)/2), then
.
Conversely, let (4) hold for all f ∈ π n (R). If g is any polynomial of degree at most n and f (x) := g ((2x − R + 1)/(R + 1)), then
that is, (3) holds. Thus, Theorem A may be reformulated as follows. for all t ∈ (−1, R). His argument goes roughly as follows.
Take an arbitrary t ∈ (−1, R) and any f ∈ π n (R). If
since otherwise, we would have
Now consider the linear transformations
It is to be noted that as x increases from −1 to R, the number α 1 (x) increases from −1 to t whereas α 2 (x) decreases from R to t. Under the first transformation every subinterval of [−1, R] shrinks by the factor (1 + t)/(1 + R); under the second, they all shrink by the factor (R − t)/(1 + R). This means that if I is an interval contained either in
In other words, f (α κ (·)) ∈ π n (R). Since t = α κ (R), we conclude that
In view of this fact, Theorem A may be stated as follows.
We prove
n) . (7)
If k belongs to {1, . . . , n}, then equality holds in (7) Now let x j := cos((n − j)π/n) for j = 0, 1, . . . , n and let f be an arbitrary polynomial in π n (R), where R ≥ 1. For j = 0, 1, . . . , n let ξ j be the infimum of all ξ such that µ (E (f ; [−1, ξ])) = 1 + x j . The numbers ξ 0 , ξ 1 , . . . , ξ n are well defined and form an increasing sequence such that ξ j+1 −ξ j ≥ x j+1 −x j for j = 0, . . . , n−1; in particular, ξ j ≥ x j for j = 0, 1, . . . , n. So, Theorem 1 is contained in the following result. This is what we shall really prove.
Theorem 1
* . Let
Further, let ξ 0 , ξ 1 , . . . , ξ n be another sequence of n + 1 numbers in [−1, ∞) such that
and H R as in Theorem 1. If f is a real polynomial of degree at most n such that
then for all z ∈ H R with R ≥ ξ n we have 
is a real polynomial of degree at most n satisfying (9) and so
by (10). In other words, (10) holds for any polynomial f of degree at most n satisfying (9) if z ∈ H R ∩ R .
Preparatory lemmas
The following auxiliary result is a simple principle of mechanics expressed in terms of complex numbers rather than vectors. 
where equality holds only if
which is in turn equal to
which, obviously, increases as any of the numbers ρ 0 , ρ 1 , . . . , ρ n increases or as any of the numbers ψ 1 , . . . , ψ n decreases. Hence (11) holds, wherein equality holds 
where, in the case y > 0, equality holds for some j if and only if ξ j = x j for all j .
Proof. There is nothing to prove when y = 0 since in that case ψ j and ϕ j are all zero. So we assume y > 0 . For j = 1, . . . , n let δ j , ∆ j denote the areas of the triangles A j−1 P A j , B j−1 P B j , respectively; then
Using another well-known formula for the area of a triangle we write
from which, for j = 1, . . . , n, we obtain
It is geometrically evident that |z − ξ j | ≤ |z − x j | for j = 0, 1, . . . , n . Hence, (14) combined with (13) implies that
This is equivalent to the desired result since 0 < ϕ j , ψ j < π/2 . Hence, by Lagrange interpolation in the points x 0 , x 1 , . . . , x n we obtain
